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What to expect from this talk?

* For practitioners:
* |s Adam a theoretically justified algorithm?
* Shall we use It confidently?
* When Adam does not work well, how to tune hyperparameters?

* For theoretical researchers:
* Convergence & divergence phase transition.
* Problem-dependent bound v.s. Problem-independent bound.
* A new method to analyze stochastic non-linear dynamic system.



Overview of our results

* We prove that Adam can converge without ANY modification.

* Proof idea: new observations of Adam’ s non-linear dynamics under
random permutations

* Implication: Adam is still a theoretically justified algorithm.
Please use it confidently!

* We provide suggestions for hyperparameter tunning.

* In one sentence: First, tune up f,. Then, try different 1 with 1 < \/E
* Detailed suggestions: see next page
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Recelpe for hyperparameter-tuning

AdaShift? AdaBound?
No need!
Chan)je algorithm?
Adam with defaL'JIt setting | Tune up B. 1 .
(By, B,) = (0.9, 0.999) fails | Try 0.9995. 0.9999, 0.99995, etc Qes not work better:
In your task
Try smaller B;.

Try 0.7,0.5, 0.3, 0.1, etc

Adam with default setting /
Does not work better?
(B1,B2) = (0.9, 0.999) Tune down f, a bit l

works in your task, but Try 0.995, 0.99, 0.95, etc
want better performance But not too small!

Seems confused? No worries. We will come back to this figure later
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Motivation

* Adam is one of the most popular algorithms in deep learning (DL).
(It has received more than 130,000 citations)

* Default choice in many DL tasks:
* NLP, GAN, CV, GNN, RL etc.

optimizer = optim.Adam(net.parameters(), lr=args.lr, betas=(args.betal, args.beta2), eps=1e—@8J
weight_decay=args.weightdecay, amsgrad=False)

* However, the behavior of Adam is poorly understood in theory.
* We aim to close the gap between theory and practice.
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A Brief Introduction: From SGD to Adam

* Consider mxin f(x) =X fi(x).

* In DL tasks, n often stands for sample size; x denotes trainable parameters.
* In the k-th iteration: Randomly sample 7, from {1,2, ..., n}

* SGD with momentum (SGDM):
* my = (1 — BVl (X)) + Bimy_q
* Xk+1 = X — N

* SGD:
* Xg41 = Xp — M Vi (Xi)

* RK: SGD & SGDM do not work well in complicated tasks (e.g., RL and NLP)



A Brief Introduction: From SGD to Adam

* Consider mxin f(x) =Y, fi(x) . In the k-th iteration: Randomly sample 7, from {1,2, ..., n}

 Adam (Kingma and Ba'15):
« my =1 — )V (X)) + f1my—1
‘ vk — (1 o ﬁZ)Vka(Xk) © Vf‘[k(xk) + ﬁzvk—l

Xp+1 = Xg —
k+1 = Xk = Nk~ "pk e

* p1: Controls the 1st-order momentum my. Default setting: f; = 0.9
* [,: Controls the 2"9-order momentum vy. Default setting: f, = 0.999

* How to sample 7,7
* With-replacement sampling (112 133), often analyzed in theory
* Shuffling (132 213), default setting in practice

* We study shuffling since it is closer to practice
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Some results claimed Adam has divergence Issue

Reddi et al.18 (ICLR Best paper):

For any 1,07 s.t. f1 < \/E , there exists a problem such that Adam
diverges

A B Diverge (Reddi et al’18)
1} \
52 \\
0 b1
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To Overcome Divergence, -

* Modify Adam

* AMSGrad, AdaFom [Reddi etal.’18, Chen et al.”18]: kKeep Vj, = Vj_q
B Slow convergence [Zhou et al.” 18]

* AdaBound [Luo etal.’ 19]: Impose constraint: v, € [C}, C}]
B Need to tune two extra hyperparameters

However, vanilla Adam works well for most practical applications!
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Comparison: Adam vs Its variants

AMSGrad 1,843
Nadam 1,339
1,047

RAdam

AdaBound 479
AdaFom 217
AdaShift |45

0 500 1000 1500 2000
Citation

* *Disclaimer: contribution is not proportional to citation.
But citation might reflect the popularity among practitioners.
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However, Adam remains overwhelmingly popular

Adam 114,399
AMSGrad | 1,843
Nadam ({1,339
RAdam 1,047
AdaBound 479
AdaFom 217
AdaShift

0 30000 60000 90000 120000
Citation

* The attention Adam received Is astonishing!
* Partially because many variants bring new issues (e.g., slow)



Divergence theory does not match practice

Observation: the reported (B4, f2) actually satisfy divergence condition f; < \/E |

B Diverge (Reddi et al’18)

* Most deep learning tasks
(e.g. RL, NLP, CV, GAN, etc.):
f1 =096, =0.999

' "1, DCGAN, et
B2 Is there any gap between theory and practlce’? 999 o

Why is the divergence not observed?
@® First-order GAN, MSG-GAN:

k A B, =0,B, =0.999

0 /B]_ il Total page: 33 14
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Why Is divergence not observed?

* Reddi et al. 18 consider mxin f(x) =X fi(x)

Proof(Reddi et al. 18):

For any fixed B4, B> s.t. B1 < /B>, we can find an n to
construct the divergence example f(x)

* An important (but often ignored) feature: Reddi et al. fix f1, B> before
picking the problem (change n according to £, 5> )

* While In practice, parameters are often problem-dependent
(e.g. tuning Ir for GD)

* Conjecture: Adam might converge for fixed problem (or fixed n)



A simple illustration

blem class with n4

For fixed f4, B2, can fin\q n4 to construct %ounter—example

D

ith this (1, b2 converges on functions with other n,

lem class with n,

Question: Does Adam converge for fixed problem class (fixed n)?

16
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Assumptions

* Consider mxin f(x) =YY" fi(x)
* Al (L-smooth): assume Vf;(x) are L-Lipschitz continuous.

+ A2 (Affine Variance): - X7, || Vf; (%) —+ X7, Vi(x) 13 < Dy | VA)|13 + Do
A2 is quite general:
* When D; = 0, A2 becomes bounded variance, commonly used in SGD analysis
--A2 allows D; > 0 and thus it is weaker than bounded variance.
* When Dy = 0, A2 becomes "Strong Growth Condition (SGC)” [Vaswani et al., 19]
- - Intuition: When || Vf(x)||=0 = we have || Vf;(x)||=0.
-- SGC holds for overparametrized networks (Vaswani et al.19)

* We do NOT need the following assumptions, which are common in the literature
»Ad-(bounded2°-order-momentum)—vef6-Cxt
. ) EY)

* To our knowledge, A1+ A2 are the mildest assumption set so far.
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Convergence results for large -

* Theorem 1: Consider the previous setting.

When f, =1 -0 (n Bl) and 1 < \/> < 1, Adam with stepsize n, = ﬁ converges to the
neighborhood of stationary points:

log T
min, Ell 9/ Ce) 13 = 0 (= + (1~ 2)Do).

RK: When Dy = 0 (e.g., for overparameterized models): Adam converges to stationary points

B Converge (ours)

I

We identify a safe region! (UNKNOWN BEFORE!)

B2
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Remark: Convergence to neighborhood

* When Dy > 0: converges to a neighborhood of stationary points with
size O((1 — B2)Dy). (ak.a. “ambiguity zone” ).

* This 1Is common for
--constant-step SGD [Yan et al., 2018; Yu et al., 2019]
--diminishing-Ir adaptive gradient methods [Zaheer et al., 2018; Shi et al., 2020]:

X =X Tk m
k+1 — Xk — k
\/Vk

Intuition: Although 7, 1s diminishing, — \/_ may not decrease.
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Remark: Convergence to neighborhood.

Gradient norm

Left: An example with Dg > 0
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Setting: Adam & SGD with Ir ng =

—— Adam with beta2=0.999
~—— Adam with beta2=0.997
—— Adam with beta2=0.995
-~ Adam with beta2=0.993

- SGD
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Epoch le8

Right: An example with Dy = 0

3.0
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1
Vk
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How does Adam behave In the rest of the region?

* When B, is large: we have shown a positive result.

M Converge (ours)

B Diverge (ours)
4 2

IS

B2

V4
,
4
4
4
4
L4
’
’
(d
.////

B 1

>

* When B, is small: we will show that Adam can still diverge! (even if the
problem class is fixed)
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Divergence can happen when [, Is small

* Thm 2: For any fixed n, there exists a function f (x) satisfying A1 and A2, s.t.
when (B4, f2) are chosen in the orange region (size depends on 1), s.t.
Adam’ s iterates and function values diverge to infinity

* The region is precisely drawn (plotted by solving some analytic conditions)

* region enlarges with n

bbbbb

(dn=10
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Some remarks on the divergence theorem

* Remark 2: For Adam, It Is iImportant to remove the bounded
gradient assumption (|| Vf(x)|| < C ) !l

* [n practice, the gradient of iterates can be unbounded.

0000000000000000000000000
iterations

(d) n =20
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Intuition behind convergence and divergence

Adam: xt*
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Proof Ideas for Convergence Analysis: An Overview

(1=BV Sz, (k) +B1Mk—1

>0
\/<1—ﬁz>Vka(xk)onTk<xk)+ﬁzvk_1

. me\ _
Want to show: IE<\7f(xk),M>

Challenge 1: m; contains heavy history Challenge 2: v, brings non-linear perturbation.

Key Ideas: Establishid a new property of Adam’ s momentum under randovm permutations.

Step 1: Show the periodical property of momentum =» | Step 2: Control the perturbation when B, is large

Lemma 5.2. (Informal) Under Assumption [2.1|and [2.2] consider Algorithm[I\with large 32 and

Lemma 5.1, (Informal) Consider Algorlthm Foreveryo € o] andany B, € [0,1), we haveiihe B1 < \/Ba. For those | with gradient component larger than certain threshold, we have:

following result under Assumption[2.1]

n—1 1 Ouf (zk,0) _ Ouf(Te-1,0)| _ o (i) ' »
0(p1) == IEZ (Mmi ki — Oufry , (Th,0)) = O (ﬁ) , o V=T 7))
; i=0 ) E O f(zk,0) nil(mz ki — Oifr, ;(ZK0)) | =O (i) . 6)
where O, f (z1,0) is the I-th component of V f(k,0); mu ki = (1 = B1)8ufr, , (@k,5) + Brmik,i-1. Ve =thh ki \ Tk, N
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Our theory Is consistent with experiments

Optin Optimization error ¢ ©MOOth boundaries j,,

(a) Function (2) (b) MNIST (c) CIFAR-10
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Summary: the behavior of Adam changes
dramatically under different hyperparameters

M Converge (ours)

1* I Diverge (ours)

IS

When increasing f>:
There is a phase transition from divergence to convergence.

b
1
Hyperparameters Adam’ s behavior
Vf(x) under Al and A2 with B, is large and B; < \/’3_2 Converges to stationary points (Ours)
DO == 0
Vf(x) under A1 and A2 with B, is large and By < /B> Converges to the neighborhood of
Dy >0 stationary points (Ours)
3 f(x) under Al and A2 p- is small and a wide range Diverges to infinity (Ours)
of ﬁl
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Implication to practitioners

Case study: Bob is using Adam to train NNs. However, Adam with default
hyperparameter fails in his tasks.

Bob heard there is a well-known result that Adam can diverge.

So he wonders: shall | keep tuning hyperparameter to make it work?

Or shall | just give up and switch to other algorithms like AdaBound (which has 2
extra hyperparameters)?

Our suggestions:
1. Adam is still a theoretically justified algorithm. Please use it confidently!

2. Suggestions for hyperparameter tunning:

In one sentence: First, tune up B,. Then, try different f; with 1 < /B>
In detalls: see next page

Total page: 33

31



I Converge (ours)

Recelpe for hyperparameter-tuning &8ss
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AdaShift? AdaBound? | No need! A i
Char?e algorithm?
Adam with defaL'JIt setting Tune up Bs. 1
> K ?
(By, B2) = (0.9, 0.999) fails Try 0.9995, 0.9999, 0.99995, etc Qes not work better
In your task Try smaller B;.

Try 0.7,0.5,0.3, 0.1, etc

Adam with default setting Aﬂot work better?
(B1, B2) = (0.9, 0.999) Tune down [, a%it. |

WOka in your t?SK but Try 0,995, 0.99, 0.95, etc
want petter perrormance But not too small!
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